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DYNAMICS OF A kthorder RATIONAL DIFFERENCE
EQUATION
M. SALEH, S. ABUBAHAA
Abstract. In this paper, we will investigate the nonlinear ratio-
nal di¤erence equation Our concentration is on invariant intervals,
periodic character, the character of semicycles and global asymp-
totic stability of all positive solutions of equation(1).
xn+1 =
xn + xn k
Bxn + Cxn k
; n = 0; 1; :::
It is worth to mention that our results solve the open problem
proposed by Kulenvic and Ladas in their monograph [Dynamics of
Second Order Rational Di¤erence Equations: with Open Problems
and Conjectures, Chapman & Hall/CRC, Boca Raton, 2002].
1. Introduction
In this paper, we will study the nonlinear rational di¤erence equation
xn+1 =
xn + xn k
Bxn + Cxn k
; n = 0; 1; :::; (1.1)
where the parameters  ;  and B;C and the initial conditions
x k; :::; x 1; x0 are positive real numbers, k = f1; 2; 3; :::g:
Our concentration is on invariant intervals, periodic character, the
character of semicycles and global asymptotic stability of all positive
solutions of equation(1.1). It is worth mentioning that the rsults in [1],
[2], [5], [11] are special cases of our results.
The global stability of equation (1.1) for k = 1 has been investigated
in [8 ]. They showed, in respect to variation of the parameters, the
positive equilibrium point is globally asymptotically stable or every
solution lies eventually in an invariant interval. Kulenovic and Ladas,
in addition, considered equation(1.1) in their monograph [8 ].
2000 Mathematics Subject Classication. 39A10.
Key words and phrases. recursive sequence, global asymptotic stability.
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Dehghan et al. [4 ] investigated the global stability, invariant inter-
vals, the character of semicycles, and the boundedness of the equation
xn+1 =
xn + p
xn + qxn k
; n = 0; 1; 2; ::: (1.2)
where the parameters p and q and the initial conditions x k; :::; x 1; x0
are positive real numbers, k = f1; 2; 3; :::g:
Li and Sun [12] investigated the periodic character, invariant in-
tervals, oscillation and global stability of all positive solutions of the
equation
xn+1 =
pxn + xn k
q + xn k
; n = 0; 1; 2; ::: (1.3)
where the parameters p and q and the initial conditions x k; :::; x 1; x0
are positive real numbers, k = f1; 2; 3; :::g:
DeVault et al. [5 ] investigated the global stability and the periodic
character of solutions of the equation
xn+1 =
p+ xn k
qxn + xn k
; n = 0; 1; 2; ::: (1.4)
where the parameters p and q and the initial conditions x k; :::; x 1; x0
are positive real numbers, k = f1; 2; 3; :::g:
Our interest now to study and solve equation(1.1) in the general case.
Before studying the behavior of solutions of this rational di¤erence
equation, we will review some denitions and basic results that will be
used throughout this paper.
Lemma 1.1 [8,10] Let I be some interval of real numbers and let
f : Ik+1 ! I
be a continuously di¤erentiable function .Then for every pair of ini-
tial conditions x k; x k+1; :::; x0 2 I , the di¤erence equation
xn+1 = f(xn; xn k); n = 0; 1; ::: (1.5)
has a unique solution
1
fxng
n= k
:
Dinition 1.2 A point
 
x is called an equilibrium point of equa-
tion(1.5) if
 
x = f(
 
x
 
; x):
That is,
xn =
 
x; for n   1
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DYNAMICS OF A kthorder RATIONAL DIFFERENCE EQUATION 3
is a solution of equation(1.5), or equivalently,
 
x is a xed point of f .
Denition 1.3 Let
 
x be an equilibrium point of equation(1.5) and
assume that I is some interval of real numbers.
(a) The equilibrium
 
x of equation(1.5) is called locally stable(or
stable) if for every " > 0;there exist  > 0 such that if x k; :::x 1; x0 2
I and
x k    x+ :::+ x 1    x+ x0    x < ;xn    x < "; for all n   k:
(b) The equilibrium
 
x of equation(1.5) is called locally asymptotically
stable(or asymptotically stable) if it is stable and if there exist  > 0
such that if
x k; :::x 1; x0 2 I and
x k    x+ :::+ x 1    x+ x0    x < ;
then
lim
n!1
xn =
 
x:
(c) The equilibrium
 
x of equation(1.5) is called a global attractor if
for every x k; ::: x 1; x0 2 I , we have
lim
n!1
xn=
 
x:
(d) The equilibrium
 
x of equation(1.5) is called a globally asymptot-
ically stable (or globally stable )if it is stable and is a global attractor.
(e) The equilibrium
 
x of equation(1.5) is called unstable if it is not
stable.
(f) The equilibrium
 
x of equation(1.5) is called a repeller (or a
source) if there exist r > 0 such that if x k; :::x 1; x0 2 I andx k    x+ :::+ x 1    x+ x0    x < r;
then there exists N  1 such thatxN    x  r:
Clearly, a repeller is an unstable equilibrium point .
Denition 1.4 Let
 
x be a positive equilibrium of equation(1.5).
A positive semicycle of a solution
1
fxng
n= k
of equation (1.5) consist of
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a "string" of terms fxl; xl=1; :::; xmgall greater than or equal to the
equilibrium
 
x with
l   1 and m  1
such that
either l =  1 or l >  1 and xl=1 <  x
and
either m =1 or m >1 and xm+1 <  x:
A negative semicycle of a solution
1
fxng
n= 1
of equation(1.5) consist of a
"string" of terms fxl; xl=1; :::; xmgall less than or equal to the equilib-
rium
 
x with
l   1 and m  1
such that
either l =  1 or l >  1 and xl=1   x
and
either m =1 or m <1 and xm+1   x:
Let
a =
@f
@u
 
x;
 
x

and b =
@f
@v
 
(x;
 
x)
where f (u; v) is the function in equation(1.5) and
 
x is an equilibrium
of the equation . Then the equation
yn+1 = ayn + byn k; n = 0; 1; ::: (1:6)
is called the linearized equation associated with equation (1.5) about
the equilibrium point
 
x. Its characteristic equation is
k+1   ak   b = 0 (1:7)
Theorem 1.5 [3,6,7,8,9] Linearized Stability.
Conside the di¤erence equation
yn+1 = f(yn; yn k); n = 0; 1 (1:5)
where the parameters p and q and the initial conditions x k; :::; x 1and
x0 are positive real numbers, k = f1; 2; 3; :::g:
(a) If both roots of equation(1.5) have absolute values less than one,
then the equilibrium
 
y of equation(1.5) is locally asymptotically stable.
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DYNAMICS OF A kthorder RATIONAL DIFFERENCE EQUATION 5
(b)If at least one of the roots of equation(1.5) has an absolute value
greater than one, then
 
y is unstable .
(c)Booth roots of equation(1.5) have absolute values less than one if
and only if
jpj < 1  q < 2
in this case,
 
y is alocally asymptocally stable.
(d)Booth roots of equation (1.5) have absolute values greater than
one if and only if
jqj > 1 and jpj > j1  qj
in this case,
 
y is a repeller.
(e)One root of equation (1.5) has an absolute value qreater than one
while the other root has an absolute value less than one if and only if
p2 + 4p > 0 and jpj > j1  qj :
in this case,
 
x is unstable and is called a saddle point.
Change of Variables
Return to our problem,
xn+1 =
xn + xn k
Bxn + Cxn k
; n = 0; 1; ::: (1:1)
where the parameters; andB;C and the initial conditions x k; :::; x 1and
x0 are positive real numbers, k = f1; 2; 3; :::g:
The change of variables
xn =

C
yn:
reduces equation(1.1) to the di¤erence equation
yn+1 =
pyn + yn k
qyn + yn k
; n = 0; 1; ::: (1:8)
where p = 

and q = B
C
with
p; q 2 (0;1)
y k; :::; y 1; y0 2 (0;1) :
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Proof. Since
xn =

C
yn:
xn+1 =

C
yn+1:
xn k =

C
yn k
substitute in equation(1.1)

C
yn+1 =
 
C
yn + 

C
yn k
B 
C
+ C 
C
yn k
so

C
yn+1 =

C
(yn + yn k)

C
(Byn + Cyn k)
i.e

C
yn+1 =
(

yn + yn k)
C(B
C
yn + yn k)
hence
yn+1 =


yn + yn k
B
C
yn + yn k
Let
p =


; q =
B
C
reduces the above formula to
yn+1 =
pyn + yn k
qyn + yn k
; n = 0; 1; ::: (1:8)
To avoid a degenerate situation we will also assume that
p 6= q:
The proof is complete. 
Next we investigate the equilibrium points of the nonlinear rational
di¤erence equation
yn+1 =
pyn + yn k
qy + yn k
; n = 0; 1; ::: (1:8)
where the parameters p; q and the initial conditions y k; :::; y 1; y0
are positive real numbers, k = f1; 2; 3; :::g:
The equilibrium points of equation(1.8) are the positive solutions of
the equation
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DYNAMICS OF A kthorder RATIONAL DIFFERENCE EQUATION 7
 
y =
p
 
y +
 
y
q
 
y +
 
y
=
 
y(p+ 1)
 
y(q + 1)
hence
 
y =
p+ 1
q + 1
is the only equilibrium point.
Linearization
For our problem we have
f (u; v) =
pu+ v
qu+ v
now,
@f
@u
=
(qu+ v)(p)  (pu+ v)(q)
(qu+ v)2
so
@f
@u
=
v(p  q)
(qu+ v)2
hence
@f
@u
(
 
y;
 
y) =
 
y(p  q)
(q
 
y +
 
y)2
=
 
y(p  q)
 
(y(q + 1))2
but
 
y =
p+ 1
q + 1
so
@f
@u
(
 
y;
 
y) =
p+1
q+1
(p  q)
(p+1
q+1
(q + 1))2
=
(p+ 1)(p  q)
(q + 1)(p+ 1)2
i.e
@f
@u
(
 
y;
 
y) =
(p  q)
(q + 1)(p+ 1)
Also,
@f
@v
=
(qu+ v)  (pu+ v)
(qu+ v)2
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so
@f
@v
=
u(q   p)
(qu+ v)2
hence
@f
@v
(
 
y;
 
y) =
 
y(q   p)
(q
 
y +
 
y)2
=
 
y(q   p)
 
(y(q + 1))2
but
 
y =
p+ 1
q + 1
so
@f
@v
(
 
y;
 
y) =
p+1
q+1
(q   p)
(p+1
q+1
(q + 1))2
=
(p+ 1)(q   p)
(q + 1)(p+ 1)2
i.e
@f
@u
(
 
y;
 
y) =
(q   p)
(q + 1)(p+ 1)
so, the linearized equation is
zn+1 =
p  q
(p+ 1)(q + 1)
zn +
(q   p)
(q + 1)(p+ 1)
zn k
Let
p  q
(p+ 1)(q + 1)
= a;
so
(q   p)
(q + 1)(p+ 1)
=  a:
Then
zn+1 = azn   azn k
i.e
zn+1   azn + azn k = 0 (1:9)
And its characteristic equation is
k+1   ak + a = 0 (1:10)
2. Stability and Semi-cycle Analysis
Now, we will list and prove some theorems which will be useful in
our investigation.
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DYNAMICS OF A kthorder RATIONAL DIFFERENCE EQUATION 9
Theorem 1. . Assume that a,b 2 R and k 2 f1; 2; :::g then
jaj+ jbj < 1 (2:1)
is a su¢ cient condition for the a asymptotic stability of the di¤erence
equation(1.9). Suppose in addition that one of the following two cases
holds.
(a) k odd and b>0.
(b) k even and ab>0.
Then (2.1) is also a necessary condition for the asymptotic stability
of equation(1.9).
Theorem 2. Assume that f 2 [(0;1)(0;1); (0;1)] is such that:f(x; y)
is increasing in x for each xed y, and f(x; y) is decreasing in y for
each xed x. Let
 
x be a positive equilibrium of equation(1.8). Then
except possibly for the rst semicycle, every oscillatory solution of equa-
tion(1.8) has semicycle of length at least k. Furthermore, if we assume
that
f(u; u) =
 
x for every u (2.2)
and
f(x; y) < x for every
 
x < y < x (2.3)
then fxng oscillates about the equilibrium  y with semicycles of length
k + 1 or k + 2, except possibly for the rst semicycle which may have
length k . The extreme in each semicycle occurs in the rst term if the
semicycle has two terms and in the second term if the semicycle has
three terms...and in the k + 1 term if the semicycle has k + 2 terms.
Proof. When k=1, the proof is presented as theorem 1.7.4 in [8 ]. We
just give the proof of the theorem for k=2, the other cases for k  3
are similar and we omitted them. Assume that fxng is an oscillatory
solution with three consecutive terms xN 1; xN ; xN+1 such that
xN 1 <
 
x  xN+1:
then by using the increasing character of f we obtain
xN+2 = f(xN+1; xN 1) > f(
 
x;
 
x) =
 
x
which show that the next term xN+2 also belongs to the positive semi-
cycle. if xN   x , then the result follows. otherwise if xN <  x, hence
xN+3 = f(xN+2; xN) > f(
 
x;
 
x) =
 
x:
which shows that it had at least three terms in the positive semicycle.
The proof in the case xN 1   x > xN+1is similar and is omitted. Also,
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assume that fxng is an oscillatory solution with three consecutive terms
xN 1; xN ; xN+1 such that
xN 1 >
 
x  xN+1; and xN <  x
then by using the increasing character of f we obtain
xN+2 = f(xN+1; xN 1) < f(xN+1; xN+1) =
 
x
which show that the positive semicycle has length three. If
xN+1 > xN 1   x
then by using the increasing character of f and condition(2.2) we
obtain
xN+2 = f(xN+1; xN 1) > f(xN+1; xN+1) =
 
x
and by using condition(2.3) we nd
xN+2 = f(xN+1; xN 1) < xN+1:
The proof is complete. 
Theorem 3. Assume that f 2 [(0;1)  (0;1); (0;1)] is such that:
f(x; y) is decreasing in x for each xed y, and f(x; y) is increasing in
y for each xed x. Let
 
x be a positive equilibrium of equation(1.8).
Then except possibly for the rst semicycle, every oscillatory solution
of equation(1.8) has semicycle of length k.
Proof. When k=1, the proof is presented as theorem 1.7.1 in [ 8]. We
just give the proof of the theorem for k=2, the other cases for k  3 are
similar and we omitted them. Let fxng be a solution of equation(1.8)
with at least three semicycles, then there exists N  0 such that either
xN 1 <
 
x  xN+1:
or
xN 1   x > xN+1:
we will assume that
xN 1 <
 
x  xN+1:
the other case is similar and will be omitted,then by using the monotonic
character of f (x ; y) we have
xN+2 = f(xN+1; xN 1) < f(
 
x;
 
x) =
 
x:
and
xN+3 = f(xN+2; xN) > f(
 
x;
 
x) =
 
x:
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DYNAMICS OF A kthorder RATIONAL DIFFERENCE EQUATION 11
Thus
xN+2 <
 
x < xN+3:
The proof is complete. 
Theorem 4. Consider the di¤erence equation
yn+1 = f(yn; yn k); n = 0; 1 (2:4)
when k 2 f1; 2; :::g: let I = [a; b] be some interval of real numbers
and assume that
f : [a; b] [a; b]! [a; b] ;
is continuous function satisfying the following properties :
(a) f(x; y) is non-increasing in x 2 [a; b] for each y 2 [a; b] , and
f(x; y) is non-decreasing in y 2 [a; b] for each x 2 [a; b] ;
(b) the di¤erence equation(2.4) has no solutions of prime period two
in [a; b]; then equation(2.4) has a unique equilibrium
 
y 2 [a; b] and
every solution of equation(2.4) converges to
 
y:
Proof. Set m0 = a and M0 = b and for i = 1; 2; ::: set
Mi = f(mi 1;Mi 1) and mi = f(Mi 1;mi 1)
Now, observe that for each i  0;
m0  m1  :::  mi  ::: Mi  ::: M1 M0
and
mi  yn Mi for n  (i  1)k + i
set
m = lim
i!1
mi and M = limMi
i!1
Then clearly
M  lim
i!1
sup xi  lim
i!1
inf xi  m
and by continuity of f ;
m = f(M;m) and M = f(m;M):
In view of (b)
m =M =
 
y
The proof is complete. 
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Theorem 5. . Let I = [a; b] be an interval of real numbers and assume
that
f : [a; b] [a; b]! [a; b] ;
is continuous function satisfying the following properties :
(a) f(x; y) is non-decreasing in x 2 [a; b] for each y 2 [a; b], and
f(x; y) is non-increasing in y 2 [a; b] for each x 2 [a; b] ;
(b) if (m;M) 2 [a; b] [a; b] is a solution of the system
f(m;M) = m and f(M;m) =M
Then m =M .
Then equation(1.8) has a unique equilibrium
 
y 2 [a; b] and every
solution of equation(1.8) converges to
 
y:
Local Stability
As we mentioned equation(1.8) has the only positive equilibrium
point;
 
y =
p+ 1
q + 1
and the linearized equation is given by
zn+1 =
p  q
(p+ 1)(q + 1)
zn +
(q   p)
(q + 1)(p+ 1)
zn k
By Theorems 1.6, 2 we have the following result.
Theorem 6. (a) Assume that p > q ,then the positive equilibrium of
equation(1.8) is locally asymptotically stable .
(b) Assume that p < q;and k odd ,then the positive equilibrium of
equation(1.8) is locally asymptotically stable when
q < pq + 3p+ 1:
and unstable when
q > pq + 3p+ 1:
(c) Assume that p < q;and k even, then the positive equilibrium of
equation(1.8) is locally asymptotically stable.
Proof. Applying to Theorem 2
jaj+ jaj < 1
so
2 jaj < 1
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DYNAMICS OF A kthorder RATIONAL DIFFERENCE EQUATION 13
i.e.
jaj < 1
2
hence  1
2
< a <
1
2
then  1
2
<
p  q
(p+ 1)(q + 1)
<
1
2
so
 (p+ 1)(q + 1) < 2(p  q) < (p+ 1)(q + 1)
i.e.
 pq   p  q   1 < 2p| {z }
(1)
  2q < pq + p+ q + 1| {z }
(2)
from the rst inequality we have
 pq   3p  q   1 <  2q
so
 pq   3p  1 <  q
then
pq + 3p+ 1 < q
from the second inequality we have
2p < pq + p+ 3q + 1
so
 3q < pq   p+ 1
i.e.
q >
 1
3
(pq   p+ 1)
then
q >
 1
3
(p(q   1) + 1)
which is always satised.
notice that :
for k odd and b > 0
i.e.
q   p
(p+ 1)(q + 1)
> 0
implies that p < q:
for k even and ab > 0
i.e. a( a) > 0, (impossible since a > 0). 
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3. Analysis of Semicycles and Oscillations
In this section we give necessary and su¢ cient condition for equa-
tion(1.8) to have a prime period-two solution and we exhibit all prime
period-two solutions of the equation.
Theorem 7. (1) When p > q:
Equation(1.8) has no nonnegative prime period-two solutions .
(2) When p < q:
Equation(1.8) has prime period-two solutions i¤ k odd and q >
pq + 3p+ 1.
:::;;	;;	; :::
Where the values of  and 	 are the (positive and distinct )solutions
of the quadratic equation
t2   (1  p)t+ p(1  p)
q   1 = 0:
Proof. (1) When p > q:
Assume for the sake of contradiction that there exist distinctive
nonnegative real number  and 	 , such that
:::;;	;;	; :::
is a prime period-two solution of equation (1.8).there are two cases
to be considered .
Case (a) : k is odd.
in this case  and 	 satisfy
 =
p	+ 
q	+ 
;
and
	 =
p +	
q +	
:
so
(q	+ ) = p	+  (3:1)
and
	(q +	) = p +	 (3:2)
subtracting equation(3.2) from(3.1) ,we have
2  	2 = p(	  ) + ( 	)
( 	)( + 	) =  p( 	) + ( 	)
( 	)( + 	) = ( 	)(1  p)
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hence,
 +	 = 1  p
Also,adding equation(3.1) to equation(3.2) then we have
2q	+ 2 +	2 = p	+ + p +	
2q	+ 2 +	2 +
adding(zero)z }| {
2	  2	 = p(	 + ) + (	 + )
2q	+ (	 + )2   2	 = (	 + )(p+ 1)
but
 +	 = 1  p
so
	(2q   2) + (	 + )2 = (1  p)(p+ 1)
	(2q   2) + (1  p)2 = p+ 1  p2   p
	 =
1  p2   (1  p)2
2q   2
=
1  p2   1 + 2p  p2
2q   2
=
 2p2 + 2p
2q   2
=
2(p  p2)
2(q   1)
hence,
	 =
p(1  p)
q   1 ; q 6= 1
since 	 > o ;;	distinctive nonnegative real number,implies that
p(1  p) > 0 and q   1 > 0 (3:3)
or
p(1  p) < 0 and q   1 < 0 (3:4)
Now , from equation(3.3) we have q > 1;and we have p > q,so p >
1,hence (1   p) < 0,so 	 < 0;this contradicts the hypothesis that
	 > 0:Also,from equation(3.4) we have q < 1;and we have p > q,so
p > 1,hence (1  p) < 0,so 	 < 0;this contradicts the hypothesis that
	 > 0:
Case(b) : k is even.
in this case  and 	 satisfy
 =
p	+	
q	+	
;
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and
	 =
p + 
q + 
:
so
 =
	(p+ 1)
	(q + 1)
=
p+ 1
q + 1
and
	 =
(p+ 1)
(q + 1)
=
p+ 1
q + 1
so  = 	:this contradicts the hypothesis that  and 	 distinctive
nonnegative real number.
(2) When p < q:
Assume that there exist distinctive nonnegative real number  and 	
, such that
:::;;	;;	; :::
is a prime period-two solution of equation(1.8).there are two cases to
be considered.
Case (a) : k is odd.
in this case  and 	 satisfy
 =
p	+ 
q	+ 
;
and
	 =
p +	
q +	
:
then we have
 +	 = 1  p
and
	 =
p(1  p)
q   1 ; q 6= 1
Now , construct the quadratic equation
t2   (1  p)t+ p(1  p)
q   1 = 0:
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So,the values of  and 	 are the (positive and distinct )solutions of
the above quadratic equation.
i.e.
t =
(1  p)
q
(1  p)2   4p(1 p)
q 1
2
;
Case(b) : k is even
in this case  and 	 satisfy
	 =
p + 
q + 
:
and
 =
p	+	
q	+	
;
so
 =
	(p+ 1)
	(q + 1)
=
p+ 1
q + 1
and
	 =
(p+ 1)
(q + 1)
=
p+ 1
q + 1
so  = 	:This contradicts the hypothesis that  and 	 distinctive
nonnegative real number. The proof is complete. 
We believe that a semicycle analysis of the solution of equation(1.8)
is a powerful tool for a detailed understanding of the entire character
of solutions.
Next, we present some results about the semicycle character of solu-
tions of equation(1.8).
Theorem 8. Let fyng be a nontrivial solution of equation(1.8),then the
following statements are true:
(a)Assume p > q; then fyng oscillates about the equilibrium  y with
semicycles of length k+1 or k+2, except possibly for the rst semicycle
which may have length k. The extreme in each semicycle occurs in the
rst term if the semicycle has two terms and in the second term if the
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semicycle has three terms and in the k + 1 term if the semicycle has
k + 2 terms.
(b)Assume p < q; then either fyng oscillates about the equilibrium
 
y with semicycles of length k after the rst semicycle, or fyng converges
monotonically to
 
y .
Proof. (a)The proof follows from Theorem 3 by observing that the con-
dition p>q implies that the function
f(x; y) =
px+ y
qx+ y
is increasing in x and decreasing in y. This function also satises
condition(3.2).
(b)The proof follows from Theorem 4 by observing that the condition
p<q implies that the function
f(x; y) =
px+ y
qx+ y
is decreasing in x and increasing in y . The proof is complete. 
We now examine the existence of intervals which attract all solution
of equation(1.8).
Lemma 2 Let
1
fyng
n= k
be a solution of equation(1.8). Then the fol-
lowing statements are true :
(1) suppose p < q and assume that for some N  0:
yN k+1; :::; yN 1; yN 2

p
q
; 1

;
then
yn 2

p
q
; 1

, for all n > N .
(2) suppose p > q and assume that for some N  0:
yN k+1; :::; yN 1; yN 2

1;
p
q

;
then
yn 2

1;
p
q

, for all n > N .
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Proof. We prove (1). The proof of (2) is similar and will be omitted.
If for some N > 0,1  yN  pq ;then
yn+1 =
pyn + yn k
qyn + yn k
 qyn + yn k
qyn + yn k
= 1; since p < q:
Also, since 1  yN  pq ; then
yn+1 =
pyn + yn k
qyn + yn k
 p(1) +
p
q
q(1) + p
q
=
p+ p
q
q + p
q
 p
q
:
The proof is complete. 
The next results are about the global stability for the positive equi-
librium of equation(1.8).
Theorem 9. Assume that p < q;and k odd, then the positive equilibrium
of equation(1.8) is globally asymptotically stable when
q < pq + 3p+ 1:
Proof. Set
f(x; y) =
px+ y
qx+ y
we note that f(x; y) is decreasing in x for each xed y, and increasing
in y for each xed x , also, clearly
p
q
 f(x; y)  1 for all x; y > 0.
Finally, since
q < pq + 3p+ 1:
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equation(1.8) has no prime period-two solution. Now the conclusion
of Theorem10 follows as a consequence of Theorem5 , and the fact that
 
y is locally asymptotically stable.
The proof is complete. 
Theorem 10. Assume that p > q , and
p  pq + 3q + 1
then the positive equilibrium of equation(1.8) is globally asymptotically
stable .
Proof. set
f(x; y) =
px+ y
qx+ y
when p > q, the function f(x; y)is increasing in x for each xed y ,
and decreasing in y for each xed x , also, clearly
1  f(x; y)  p
q
for all x; y > 0.
Finally, when
p  pq + 3q + 1:
The only solution of the system
M =
pM +m
qM +m
;m =
pm+M
qm+M
is m = M .
Now the result is consequence of Theorem 6 .
The proof is complete. 
Numerical Examples
In order to illustrate the results of the previous sections and to sup-
port our theoretical discussions, we consider several interesting numer-
ical examples in this section. These examples represent di¤erent types
of qualitative behavior of solutions to non-linear di¤erence equations.
In this part, to observe this numerical results clearly, we present
tables of solutions that were carried out using MATLAB. We choose
di¤erent values for the parameters p and q. It should be noted that
y k; y k+1; :::; y 1; y0 are also di¤erent initial points.
First Order Di¤erence Equation
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Figure 1. plot of yn+1 =
2yn+yn 1
yn+yn 1
Here we will represent di¤erent types of solutions of equation (1.1)
when k = 1:
Example 1: p > q
Consider the following di¤erence equation
yn+1 =
2yn + yn 1
yn + yn 1
; n = 0; 1; ::
with the initial conditions y0 = 1; y1 = 2:
Example 2 : p < q , q > pq + 3p+ 1:
Consider the following di¤erence equation
yn+1 =
0:1yn + yn 1
10yn + yn 1
; n = 0; 1; ::
with the initial conditions y0 = 1; y1 = 2:
Example 3: p < q , q < pq + 3p+ 1
Consider the following di¤erence equation
yn+1 =
0:1yn + yn 1
0:2yn + yn 1
; n = 0; 1; ::
with the initial conditions y0 = 1; y1 = 2.
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Figure 2. plot of yn+1 =
0:1yn+yn 1
10yn+yn 1
Figure 3. plot of yn+1 =
0:1yn+yn 1
0:2yn+yn 1
Here we will represent di¤erent types of solutions when k = 2:
Example 4: p > q; p  pq + 3p+ 1:
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Figure 4. plot of yn+1 =
2yn+yn 2
yn+yn 2
Consider the following di¤erence equation
yn+1 =
2yn + yn 2
yn + yn 2
; n = 0; 1; ::
with the initial conditions y0 = 1; y1 = 2; y3 = 3:
Example 5: p > q and p > pq + 3p+ 1:
Consider the following di¤erence equation
yn+1 =
10yn + yn 2
0:2yn + yn 2
; n = 0; 1; ::
with the initial conditions y0 = 1; y1 = 2; y3 = 3:
Third Order Di¤erence Equation
Here we will represent di¤erent types of solutions of equation (2)
when k = 3:
Example 6 : p > q:
Consider the following di¤erence equation
yn+1 =
2yn + yn 3
yn + yn 3
; n = 0; 1; ::
with the initial conditions y0 = 0:1; y1 = 0:2; y3 = 0:3; y4 = 0:4:
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Figure 5. plot of yn+1 =
10yn+yn 2
0:2yn+yn 2
Figure 6. plot of yn+1 =
2yn+yn 3
yn+yn 3
Example 7: p < q , q < pq + 3p+ 1:
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Figure 7. plot of yn+1 =
3:4yn+yn 3
5:2yn+yn 3
Consider the following di¤erence equation
yn+1 =
3:4yn + yn 3
5:2yn + yn 3
; n = 0; 1; ::
with the initial conditions y0 = 0:3; y1 = 1:2; y3 = 2:3; y4 = 1:5:
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